The polarized Galactic thermal dust emission constitutes a major probe for the study and the characterization of the Galactic Magnetic Field (GMF). In this paper, we apply the maximum-likelihood analysis that we established in our companion paper (Pelgrims, Macías-Pérez & Ruppin) to model the large-scale regular-component of the GMF from the polarized diffuse emission from Galactic thermal dust as measured by Planck at 353 GHz. As a first attempt, we consider three models to describe the dust density distribution across the whole Galaxy and four models for the GMF. All models are parametric and heuristics and leave us with twelve reconstructions of the GMF geometrical structure. These reconstructions are obtained at the N side = 64 and provide the first constraints on the GMF obtained through Markov Chain Monte Carlo analysis from thermal dust polarization data. This work demonstrates that competitive constraints on the GMF can be obtained from the polarized thermal dust sky as compared to other observational probes.
Introduction
The accurate understanding of the polarized diffuse Galactic emission in the radio to sub-millimeter wavelengths is of prime importance in the search for the primordial B-modes imprinted in the polarization of the Cosmic Microwave Background radiation (CMB). Providing an accurate modeling of this polarized Galactic emission would give confidence on its physical understanding, and allow accurate testing of the results obtained from elaborated component-separation techniques which are used to extract the cosmological signal from the CMB (e.g. Planck Collaboration IX 2016; Planck Collaboration X 2016) . The modeling of the polarized diffuse Galactic emission implies a modeling of the Galactic Magnetic Field (GMF) since it is at the origin of the polarized emission. The reconstruction of the large-scale GMF from polarized Galactic diffuse emission at CMB frequencies is one of the main scientific goals of the European H2020 RADIOFOREGROUNDS project 1 . A reliable reconstruction of the large-scale GMF is of interests for a much larger community that for the CMB community as it underlies numerous physical processes taking place in the Galaxy (see Boulanger et al. 2018 , for a review).
In this paper, we exploit the Markov Chain Monte Carlo (MCMC) method that we established via simulations in a companion paper (Pelgrims et al. 2018, PMR18 hereafter) to reconstruct the large-scale regular GMF from the polarized diffuse emission from of Galactic thermal dust as measured by Planck at 353 GHz. This method takes advantage of the properties of thermal Galactic dust emission in intensity and polarization to separate the reconstruction of the GMF from the reconstruction of the Galactic matter content (dust grain distribution). As shown in PMR18 this method makes the reconstruction of the GMF more 1 http://www.radioforegrounds.eu/ reliable, and in particular less sensitive to uncertainties in the three-dimensional distribution of the Galactic matter content.
The fitted data are presented in Sect. 2 and a brief overview of the fitting procedure is given in Sect. 3.2. According to the approach developed in a companion paper, we first use three different models of the dust density distribution that we fit on the 353 GHz Planck intensity map in Sect. 4. Second, we use each of those best-fit density model to constrain the geometry of the large-scale GMF in Sect. 5. We consider four parametric models of the large-scale regular GMF. These models are heuristics. Each of them allows for a different degree of complexity but all share the expected spiral geometry about the vertical axis of the Galaxy and implement the so-called X-shape (e.g Ferrière & Terral 2014) . In Sects. 6 and 7 we discuss and compare the overall characteristics of the reconstructed geometries of the GMF models and highlight those geometrical features that are the more robust against our fitting procedure. We finally bring to the fore perspectives for future works on the characterization of the polarized diffuse thermal dust Galactic emission and on the reconstruction of the Galactic magnetic field.
Data set
The diffuse thermal dust polarized emission is the dominant Galactic foreground present in measurements of the polarization of the CMB emission at frequency above 100 GHz (e.g., Planck Collaboration Int. XXII 2015). The Planck satellite has provided unprecedented full-sky coverage maps of the Galactic emission in intensity I and polarization, measuring the Q and U Stokes parameters.
We use the Planck single-frequency intensity and polarization maps at 353 GHz that are available on the Planck Legacy Archive 2 . We refer the reader to Planck Collaboration Int. XIX (2015); Planck Collaboration Int. XXI (2015) for details and discussions regarding these data. The Planck HFI 353 GHz maps have a native resolution 3 of about 4.94 ' (Planck Collaboration Int. XIX 2015) and are given in a HEALPix 4 grid tessellation corresponding to N side = 2048 (Górski et al. 2005) . At the instrument resolution, the 353-GHz polarization Stokes Q and U maps are noise dominated (Planck Collaboration Int. XIX 2015) . This is particularly true at high Galactic latitudes. The dispersion arising from CMB polarization anisotropies is much lower than the instrumental noise for Q and U (Planck Collaboration VI 2014). Its impact on our analysis is thus expected to be negligible. The Cosmic Infrared Background (CIB) is considered to be unpolarized (Planck Collaboration XXX 2014) . At this frequency, contributions are expected in the intensity map either from the CMB, Galactic and extragalactic point sources, the CIB and the zodiacal light (e.g., Planck Collaboration Int. XXI 2015) . Notice that we will work at low resolution so that contributions from point sources and the CIB are expected to be non significant. CMB temperature anisotropies and zodiacal light contributions are expected to be subdominant with respect to the thermal dust emission in intensity.
To consolidate the results of our analysis for the intensity part, we also make use of the full-sky dust extinction map derived in Planck Collaboration XI (2014), using specifically the map of the dust optical depth (τ 353 ). This quantity is related to the dust column density integrated along the line of sight. It has been proven to be a good tracer of the dust column density at high Galactic latitudes. Deviation occurs in denser molecular region and thus, towards Galactic plane regions (Planck Collaboration XI 2014).
modeling and Fitting approach

3D modeling of the Galactic thermal dust emission
Following PMR18 and starting from the 3D distribution of the GMF and the Galactic dust grains we model the intensity and the linear polarization Stokes parameters of the Galactic thermal dust emission as:
where r is the radial distance from the observer along the line of sight at sky position, n. n d represents the distribution of dust grains in the Galaxy, p d is the maximum degree of polarization, and f ma is the mis-alignment factor. d ν is the dust emissivity at observational frequency ν. α(r, n) is the inclination angle of the GMF line with the line of sight at (r, n). Finally, the local polarization angle is given by
with B θ and B φ the local transverse components of the magnetic field in the local spherical coordinate basis (e r , e θ , e φ ) with e θ pointing towards the South pole. In Eq. 1 we have neglected any term associated to the GMF in the definition of the Stokes I parameter (see PMR18 for details).
MCMC fitting
We adopt the same fitting framework that we exposed in PMR18 and that we briefly summarize here. From Eq. 1 and the parametric models described in Sects. 4 and 5 we are able to compute maps of the Galactic thermal dust emission using the gpempy Python code (see PMR18). These maps can be compared to the Planck data via a MCMC analysis using the emcee software implemented in Python by Goodman & Weare (2010) . Best-fit parameters are obtained by maximizing a Gaussian likelihood function L defined as
where D and M represent either the intensity, I, or the reduced polarization parameters q = Q/I, u = U/I for all pixels in the data and the model maps, respectively. C D is the covariance matrix associated to the uncertainties in the data, and α is an overall normalization factor that is estimated for each model at each MCMC step. The Galactic space is sampled in spherical coordinates centered on the Sun located at R = 8.0 kpc from the Galactic center. The adopted radial step is 0.2 kpc and the angular sampling is given by the N side parameter of the HEALPix tessellation (Górski et al. 2005 ) which we fix to 64. We choose to compare the data in pixel space at the resolution at which the MCMC realizations are computed.
The choice of the exact form for the noise covariance matrix is not trivial considering the Planck data at 353 GHz. In the case of the intensity we are in a highly signal dominated case over most of the sky and there is significant intrinsic dispersion in the signal with respect to the complexity of the models currently used in the literature and that we consider in this work. In polarization the situation is slightly more complex as we are mainly in a signal dominated case close to the Galactic plane while at high Galactic latitudes we are mainly in a noise dominated regime. To account for this peculiarities we develop a hybrid approach that includes both observational uncertainties σ obs (obtained from the Planck block diagonal covariance matrix for the 353 GHz data) and intrinsic signal dispersion σ disp within the low resolution pixels. For each pixel of the N side = 64 maps of {I, Q, U}, we define its uncertainty as being:
These pseudo uncertainties are then propagated to the intensity normalized polarization Stokes parameters, q and u, using:
where x = X/I and X = {Q, U}. And so, we write the covariance matrix for {q, u} as C xx = diag{σ |C qu |/C) ≤ 16.4% and |C qu |/C uu ) ≤ 16.3%. We expect the impact of these terms on the χ 2 = − 1 2 L to be smaller than the one from the mis-modeling of the dust density distribution through the Galaxy. We leave the implementation of the cross-correlation for future work.
Three-dimensional dust density distribution reconstruction
In this section we first review the mathematical implementation of the dust density distribution models. Then we give the details of our fitting procedure using our MCMC approach. We subsequently present our best-fit models and compare them to the data.
Dust density distributions models
Exponential Disk (ED)
For the first model, the dust density distribution takes the simple parametric form as in Fauvet et al. (2011) :
This model has two free parameters (ρ 0 , z 0 ) to be fitted to the data. The global amplitude is absorbed in the maximum-profile likelihood computation and is thus irrelevant.
4 Spiral Arms (ARM4φ)
In this model, the dust density distribution is obtained by summing the contributions of four logarithmic spiral arms. In this implementation, and up to a relative amplitude, the arms are assumed to be identical with a rotation of ninety degree. Such a model has already been considered in the literature (Jaffe et al. 2013) . Our implementation reads as:
where the function S encodes the logarithmic spiral pattern as:
with
with i = {1, 2, 3, 4}, φ 00 the angular coordinate of the fourth arm at radial distance of 1 kpc of the Galactic center and p the pitch angle of the logarithmic spirals. While evaluating the function S, attention has to be paid regarding the 2π ambiguity of polar angle 5 . Up to a global normalization amplitude, this parametric model has nine free parameters to be fitted to the data: 5 Notice that given this implementation, the density of the four spiral arms is a functional form of the angular distance to the highest density loci at the same radial distance to the Galactic center. This modeling differs slightly from a pure radial dependence that can be found in the literature. We also performed some tests using the latter model which did not give better fit to the data. Our model results in shallower arms than the alternative implementation. ρ 0 , ρ c , z 0 , φ 0 , φ 00 , p and the three relative amplitudes. As for the ED model, the forefront global amplitude is irrelevant.
4 Spiral Arms plus 1 Exponential Disk (ARM4φ1ED)
We further consider a dust density model that results from the superposition of the ED and ARM4φ models. This model has twelve free parameters to be fitted to the data. The radial and height scale lengths for the disk part and for the arm part are allowed to take different values.
Fitting procedure
To fit the models to the data at the required resolution (here dictated by N side = 64), we first consider to fit the data at lower resolution (given by N side = 32). This allows us to explore more quickly the full parameter space. At that resolution, the Markov chains are initialized according to uniform distribution for the parameters. Then, when a converged solution is reached at that low resolution, we start a new exploration of the parameter space by comparing simulations to data at N side = 64 but, this time, with a Gaussian initialization centered on the best-fit parameter values obtained at N side = 32 and with a width of a few percent (typically 10%).
We used few hundreds Markov walkers and wait for convergence to be reached. We tested for the convergence every 100 MCMC steps. As in PMR18, we allow ourselves to visually select those chains that provides the minimum χ 2 . This is because, in the parameter space, the χ 2 hyper-surface exhibit numerous and often sharp local minima. We do not expect strong bias from the chain selection as we select them based on the χ 2 values. The risk, however, is to select the chains around a local minimum if the global one has not been reached yet. This also motivates the quick exploration of the parameter space at lower resolution. Given the large number of tests that we performed on the fits presented in this paper, we consider such a scenario as being unlikely. As a criterion, we consider that, after selection, the minimum number of chains that sample the parameter space and that lead to a successful convergence test (see Gelman & Rubin 1992) has to be larger than half the launched ones.
For the exploration of the parameter space, we consider noninformative prior, adopting top-hat distributions. The explored ranges of values of the free parameters are given in Table 1 for the different fitted models.
Best-fit models
We fitted the all-sky intensity map of the thermal dust at 353 GHz that we first downgraded at N side = 64. In Fig. 1 , we compare the data and the best-fit intensity maps obtained for the three dust density distribution models fitted to I 353 . We also show the so-called χ-maps where we show, per pixel and for the best-fit models, the signed statistical significance of the residuals: χ i = (D i − αM i )/σ i . The best-fit parameters are reported in Table 1 . To verify the robustness of our best-fit models of the dust density distribution (n d ) with respect to contamination from other emissions (e.g. point sources, CIB), we also performed the fits on the dust optical depth (τ 353 ) map presented in Planck Collaboration XI (2014). That observable, deduced from multifrequency analysis, is known to trace the integrated dust density distribution at least as well as the intensity map does. The best-fit maps agree globally with those obtained from I 353 fits.
We observe (as discussed in PMR18) that the best-fit models cannot account for all the complexity and the richness contained in the maps. For example, our models do not include patterns such as clumps, filaments or bones that can be directly spotted by eye and that require dedicated modeling, perhaps based on their statistical characterization (see Zucker et al. 2017) . Accounting for such features would significantly increase the number of parameters and not be easily tractable on a MCMC approach. Furthermore, because of the data complexity, these best-fit parameters should be taken with caution as the values would have been different if we had adopted another strategy for comparing the models to the data (such as in Galactic profiles as proposed in Fauvet et al. (2012) ) or if we had masked some part of the sky.
Along the same line, and because the Planck data in intensity are extremely precise, the values of the reduced χ 2 are 1, as seen from Table 3 . Relying on our simulation-based study we know that such high values arise as soon as we do not have the right parametric model at hand. This effect is due to the large number of data point (49,152) and the incredibly small values of the uncertainties. Accordingly, such large values are similarly obtained by other authors (Steininger et al. 2018 ) fitting other observables on sky-maps.
In Fig. 2 we show the histograms of the signed significance of the residuals corresponding to the best adjustments of the three investigated n d models. The distribution of these χ values are almost Gaussian, as it should. The width of the distribution, however, are at least two order of magnitude too large. This simply illustrates the fact that our parametric models are too simplistic to account for the high level of complexity and richness present in the data set.
In conclusion none of the best-fit models is satisfying on its own. Nevertheless, from PMR18 we know that it is possible to constrain the GMF geometry even in the case of mis-modeling of the Galactic dust grain density. Therefore, in the following sections we use the recovered dust density distribution models to constrain the geometry of the large-scale, regular, GMF models. We find relevant to fit the GMF models with all the three n d models and to take the dispersion on the parameters of the reconstructed GMF as a conservative estimate of the uncertainties on those parameters.
Three-dimensional regular GMF reconstruction
As discussed in PMR18, an interesting feature of the modeling of the polarized thermal dust emission, presented by Lee & Draine (1985) , is that the observables do not depend on the strength of the GMF. Therefore, any modulation of the field amplitude cannot be constrained using dust emission alone. In the positive side, one can consider the simplification of the GMF models, leading to a reduction of the number of dimensions of the parameter space to be explored and constrained, when dealing with the polarized thermal dust emission. This is one of the motivation of considering polarized thermal dust emission at a first stage to constrain the GMF geometrical structure.
In this section we first describe the three-dimensional GMF models used. Then we detailed the framework in which we intend to constrain the geometry of the large-scale GMF and subsequently present our results using polarization maps from the thermal dust emission as measured by Planck at 353 GHz.
Three-dimensional GMF models
We consider four toy models that are expected to capture, at least to some degree, the large-scale regular part of the magnetic field of our Galaxy with two to four free-parameters. The four GMF parametric models share the following main features:
(i) field lines have spiral geometries parallel to the Galactic plane (ii) field lines have out-of-the-plane component, intended to produce the so-called X-shape of the GMF (iii) the field lines have some degree of symmetry with respect to the z-axis of cylindrical Galactic coordinate system.
Three of these models have already been discussed in the literature. We briefly present the models below but refer the reader to e.g. Ruiz-Granados et al. (2010) for detailed discussion.
The four models take simple analytic expressions in the cylindrical coordinate system center on the Galactic center:
where we introduced the orthonormal basis (e ρ , e φ , e z ) with e z = e ρ × e φ where the polar angle φ increases counter-clockwise in the (x, y, z = 0) plane of the Galaxy. The parametric GMF models that we develop below differ on the functional forms of the cylindrical components of the field.
Axi symmetric spiral model: ASS
The ASS model (see e.g., Vallee 1991; Poezd et al. 1993 ) is one of the simplest descriptions of the Galactic magnetic field. It is compatible with a non-primordial origin of the Galactic magnetism, based on the dynamo theory. The field lines follow logarithmic spirals with constant pitch angle. The cylindrical components of this model are:
where B 0 is the field strength that might, in general, depend on the distance to the Galactic center, p is the (constant) pitch angle and χ(z) is a 'tilt angle' that allows the field lines to have a non-zero z component. Different modeling of the field strength dependence exist. We set B 0 to one throughout space because the polarized thermal dust emission is not sensitive to the field strength. The pitch angle is defined as the angle between the azimuthal direction e φ and the magnetic field. p = 0
• corresponds to circle and p = 90
• produces (cylindrical) radial lines. The tilt angle is defined as the angle between the field line and the plane parallel to the Galactic plane. This angle usually takes the parametric form:
For the ASS model, we adopted the usual choice which is to fix the height scale at z 0 = 1 kpc. One has to keep in mind that another chosen value would likely lead to another set of bestfit values for the other parameters, specially for χ 0 as the two parameters are not strictly independent. According to the above implementation, the ASS model has two free-parameters (the pitch angle (p) and the tilt angle at large Galactic height (χ 0 )) that can be adjusted to fit the polarization maps to the data.
WMAP model
This parametric model, originally named Logarithmic Spiral Arm, was introduced in Page et al. (2007) to describe the 3-year WMAP data at 22 GHz for the synchrotron emission and at 94 GHz for the dust emission. Basically, this model implements an extension of the ASS class of models where the pitch angle defining the spiral structure depends on the cylindrical radius (ρ). Consequently, and despite the name of the model, the spirals are not logarithmic and we prefer to refer to this model as the WMAP model. As for the ASS model, there is no arm structure in the field amplitude.
The parametric form of the field components read
where the function
forces the magnetic field lines to follow a spiral pattern with varying pitch angle. ψ 0 is the pitch angle at Sun radius (R = 8.0 kpc) and ψ 1 the amplitude of the logarithmic radial modulation of the pitch angle. The tilt angle χ(z) is taken as in Eq. 14 with z 0 = 1 kpc. Having fixed B 0 to a constant, the WMAP model has three free parameters to be fixed by the data: (ψ 0 , ψ 1 and χ 0 ). By construction, there is no reason to constrain the ψ 1 parameter to only positive or negative values. Fixing ψ 1 = 0 reduces the WMAP model to the ASS model.
Bi symmetric spiral model: BSS
The class of bisymmetric spiral models produces GMF that could be compatible with a primordial origin. This model includes magnetic field line reversion as suggested from pulsar rotation measurements (e.g., Han & Qiao 1994; Han et al. 2006) . This model was also referred to as the Modified Logarithmic Spiral model in Fauvet et al. (2011) . The field lines and the spirals Article number, page 5 of 17
A&A proofs: manuscript no. PM18_v1 Table 2 . The free parameters of the GMF models are given for the three explored modelings (ASS, WMAP, BSS and QSS). Column two and three give the model parameters and the ranges that are explored. Columns four to six give the best-fit parameter values while assuming the dust density distribution to be given by the best-fit of the three n d models: ED, ARM4φ and ARM4φ1ED. model parameter explored range best-fit values (full-sky) 
where β = 1/ tan(p), with p the pitch angle, χ(z) the tilt angle defined as in Eq. 14, B 0 the global amplitude of the field strength, that we assume to be a constant, and ρ 0 a radial scaling factor dictating the position of the spiral arms in the (x, y, z = 0) plane. In this model, the amplitude of the GMF is shaped in spirals by the term cos φ ± β ln ρ ρ 0
. Because this modulation appears only in the components B ρ and B φ , it is not a simple scaling of the GMF strength. It produces changes in field line directions and thus produces the reversal of the field. The ± in the parentheses was introduced by Ruiz-Granados et al. (2010) to account for the different conventions met in the literature. Given our working scheme we adopt the '−' sign so that the spiral pattern of the GMF amplitude and of the GMF lines coincide, which is reasonable to postulate.
Unlike for the ASS and WMAP models introduced above, we let the parameter z 0 , involved in the tilt angle modeling, to be free. The BSS model has therefore four free parameters that can be fitted by the observations.
Quadri symmetric spiral model: QSS
This is a class of GMF models that, to the best of our knowledge, we introduce for the first time in this paper. It is a slight modification of the BSS in which we multiply the argument responsible for the amplitude modulation by a factor of 2. This small change results in a class of GMF models having four spiral arms located ninety degrees away from one another. This fourparameter model therefore shares the four sprial arm features of the model presented in Jaffe et al. (2010) and Jaffe et al. (2013) but with a much lower number of free-parameters, with field reversal and with out-of-plane component. This model has twice the number of field reversals than the BSS does. Such regular GMF models produce more efficient line-of-sight depolarization of the dust emission than the other models, a feature that might be called by the data (see e.g., Tassis & Pavlidou 2015; Planck Collaboration LIV 2018).
Fitting procedure
In Sect. 4 we found best-fit parameter values for three models of the dust density distribution (n d ). Here, we consider these models as an input (without uncertainties) to constrain the geometrical structure of the GMF. We fit the all-sky reduced-Stokes parameters of the polarized thermal dust emission measured at 353 GHz by Planck. We first downgraded the I, Q and U maps from N side = 2048 to N side = 64. Then we computed the reducedStokes parameters q and u and their uncertainties (See Eq. 5). These data are shown in the first row of Fig. 3 .
As we are ignoring the noise correlations between Stokes Q and U, in this work we simply concatenate the q and u maps (and similarly for the uncertainties) to build the joined-reducedStokes data set to be fitted through minimization of the χ 2 through the use of MCMC algorithm, as discussed in Sect. 3.2. Similar to what we did to fit the intensity map, we adopted flat priors on the free-parameters of the different models, we initialized the several hundred walkers according to uniform distribution and let the system evolve until convergence is reached. The parameter space for each class of model is given in Table 2 . Unlike for the intensity fit, we work only at the N side = 64 because our implementation is fast enough and that there is only few free parameters of the GMF models to make vary. The fits are less laborious.
Best-fit models
In Fig. 3 we show the maps corresponding to the best-fit of each GMF and the maps corresponding to the significance of the residuals (χ i = (D i − αM i )/σ i ) in the case where the n d model is the simplest (ED). In that figure, the different degree of complexity of the pattern appearing in the maps between the different best-fit models is simply due to the GMF model. It is quite remarkable how the simple modeling adopted here are able to roughly reproduce the largest patterns observed in the data. However, inspection of the residuals maps calls for further developments in the polarization map modeling, specially to tackle low and intermediate Galactic latitudes. The agreement between the models and the data are indeed visually found to be better at high Galactic latitudes as we discussed it in the next section and as it can be inferred from Fig. A.2 .
The parameter values of all the best-fits of the GMF models are reported in Table 2 for each of the n d model that we investigated in Sect. 4. In Table 3 we provide the values of the reduced χ 2 that quantify the goodness of our fits to the GMF models. In A&A proofs: manuscript no. PM18_v1 Table 3 . Reduced χ 2 values of the best-fit models (i) of the dust density distribution on the intensity map and (ii) of the GMF models on the reduced-jointed-Stokes maps (q, u) for each of the best-fit of the n d model. Fig. 4 we also show the histograms of the signed significance of the residuals corresponding to the best adjustments of the four investigated GMF models and for the three n d models fitted to the I 353 map. The distribution of these χ values are nearly Gaussian. The width of these distribution is one order of magnitude too large for the fits to be acceptable. This, again, illustrates the limitation of our modeling at reproducing the data set at hand. The values of the reduced χ 2 of the best-fit models are however one order of magnitude better than those obtained for the fits of the intensity map.
Let us note that the obtained best-fits of the GMF are in general not compatible within uncertainties when moving from one dust density distribution to another. The main reason for that is likely to be that the data are complex and accurate, and our models are far from being able to account for all the complexity and the richness contained in the maps. Despite the conservative determination of the errors that we adopt (see Eq. 4), the MCMC derived uncertainties do not reflect the real uncertainties on the model parameters 6 . We consider that the scatter of the parameter values obtained with the different n d models is more representative of the uncertainties on those parameters. This stresses again the need for more complex and realistic models of the dust grain distribution and the GMF in order to exploit to their best the currently available data.
To test the robustness of our best-fit models, we also constrain the GMF parameters using the n d best-fit models obtained from the fits on the dust optical-depth map. To do so, we simply replace the intensity map by the τ 353 map, and similar for the maps of uncertainties. The resulting polarization best-fit maps and the geometrical structure of the GMF that we obtained were found to be in good agreement with those obtained when the modeling of n d is from the I 353 fits. This test makes us confident that the GMF constraints obtained through the fit of the reduced Stokes parameter maps are robust against possible residuals from point sources or other diffuse Galactic emission.
In order to test further the stability of our GMF reconstruction against systematic effect, such as leakage of the intensity towards Q and U polarization channels, we applied the Global Generalized Fit correction suggested by Planck Collaboration VIII (2016). We proceeded to the fit of the GMF model for the least evolved and the most evolved modelings (ED + ASS and ARM4φ1ED + QSS) with and without applying the quoted correction. The obtained best-fit parameter values are in agreement at the per cent level for the most evolved case and of the order 6 The use of MCMC technique, however, is justified by the complex geometry of the multidimensional χ 2 surface and the large number of encountered local minima which would compromise the good working of other minimization technique. of tens of per cent for the simplest case. These two tests above make us confident that our GMF reconstruction is not strongly biased by systematic.
Constraints on the GMF geometry
The radial and height evolution of the pitch and the tilt angles that correspond to the best-fit parameters for all the models considered are shown on Fig. 5 . For a given GMF model (same line style but different color in Fig. 5 ), the agreement among the different choice of n d model is remarkable. The values of the pitch angles and of the tilt angles agree fairly well through the different modelings. The relative difference between the parameters characterizing those angles range from few per cent to about few tens of per cent when comparing very different modelings such as for the model having the lowest degree of complexity (ED + ASS) and the one with the largest one (ARM4φ1ED + QSS). As inferred from Fig. 5 , the agreement on the pitch angle is the strongest for a Galactic radius of about 8 kpc, with a mean pitch angle of about 27 degrees and a mean scatter among the twelve computed models of about five degrees, corresponding to a mean relative difference of 14 % between the reconstructions. . Field line geometrical structures of best-fit GMF models in the (x, y, z = 0) and (x, y = 0, z) planes of the Galaxy. From top left to bottom right: ASS, WMAP, BSS and QSS GMF models. The GMF reconstructed models corresponds to the best-fits obtained while assuming that n d is our best-fit ED model. The black dot at the center of the figure is the Galactic center and the black star is at the Sun position. The color scale indicates the strength of GMF, i.e. the norm of the vector field at each location. In the case of ASS and WMAP models, the (constant) norm has been fixed to 2.1.
However, we also observe that for the WMAP model, for which the pitch angle can vary with radius, the evolution from the inner part of the Galaxy to the outskirt is very large. Finally, we also observe an inversion of the tilt angle sign for the QSS model with respect to the other ones.
In Fig. 6 we show the direction of the large-scale GMF lines in horizontal and vertical planes of the Galaxy, namely the (x, y, z = 0) and the (x, y = 0, z) planes. Stream plots of the field lines are shown for the best-fits obtained for each GMF models assuming the n d to follow the ED model. Very similar plots are obtained with the other n d models as we discuss later. Visually and given that the modelings are different, the similarity among the GMF reconstructions is remarkable. Notice that for the WMAP model, we found a second minimum of the χ 2 with distant solution in the parameter space but that is similar to the solution obtained by Steininger et al. (2018) in fitting Faradaydepth all-sky data and synchrotron data. We present this solution in Appendix B. The reason why our global minimum is not reached by these authors is likely due to the fact that they do not allow the ψ 1 parameter (see Eqs. 16) to span through negative values. This illustrates the importance of the definition of the prior. In the future, it would be interesting to check whether the differences simply emerges from this choice or if the regular GMF deduced from the fit of different observables actually find different solutions. An interesting feature of our best-fit WMAP model is that the field lines appear to wind up on themselves at a cylindrical radius of about 18 kpc.
Comparison of the best-fit maps
Based on inspection of residual maps and on χ 2 values, none of the twelve best-fit models seems to provide a significantly Article number, page 9 of 17 A&A proofs: manuscript no. PM18_v1 In Fig. 7 we show, for the ARM4φ1ED n d model and with the QSS GMF model a corner plot illustrating the possible correlations between the significance of the residuals in I, q and u. Similar figures and results are obtained for all the other cases. We observe that the residuals on the polarization maps are not strongly correlated to the residuals on the intensity map. This reinforces our view that the reduced-Stokes parameter maps are more sensitive to the GMF than to the dust density distribution. Furthermore, we find that the polarization residuals are centered on zero and not correlated. While this is not shown on the figure, we observe that the scatters of the significance of the residuals (in I, q and u) decreases with increasing Galactic latitude (|b gal |). This is observed for all of the models and is likely due to the very small uncertainties on q and u at low Galactic latitudes.
Caveats and prospects
It could be argued that the fits are actually dominated by the polar regions, the rest of the maps producing some (high level) threshold in the χ 2 values. If this is the case, we expect better constraints on the parameters that impact the shape of the polar characteristic polarization patterns. These parameters are the pitch angle and the ρ 0 parameter from Eqs. 17 in the BSS and QSS models that dictates the angular positions of the spiral arms in the GMF strength. The sub-dominant influence in the fits comes both from the dust density modeling and from the azimuthal dependence of the field line orientations (i.e. n d and the effective tilt angle defined in the next section that depends both on the parametric tilt angle and on the modulation of the field strength in plane parallel to the Galactic plane). Therefore, according to these remarks, the fact that we found coherent constraints on the pitch angle ( Fig. 5 and next section) might not be surprising as the models have the same (or similar) pitch angle parameterization. The fact that the reconstructed GMF are stable against the choice of the adopted n d model might be natural too since, at high Galactic latitudes, the best-fit intensity maps are very similar up to a renormalization factor.
To go further in such an investigation, it would be necessary to perform the fits at low and high Galactic latitude separately and to proceed to thorough comparison. However, in such an analysis, it would be necessary to include the modeling of the magnetic field from the local bubble, within which the Sun is located (Alves et al. 2018) , and to connect it to the large-scale GMF models that we considered in this work. This task is beyond the scope of this paper and is postponed for future work.
Discussions
We have obtained state-of-the-art best-fit models of the dust density distribution across the Galaxy (n d ) and of the regular Galactic magnetic field. Three parametric n d models and four parametric GMF models have been investigated, making twelve modelings of the large-scale magnetized dusty Galaxy. It is remarkable to notice that the pitch angle of the spirals obtained in the dust density models (for ARM4φ and ARM4φ1ED) are very similar to the one obtained for the four GMF models. This is even more striking given that the fits in intensity and in polarization are (almost) independent and that we did not impose any constraints between the matter content and the magnetic field.
In this section we compare and use the resulting best-fits of the GMF in order to explore what constraints on the geometry of the GMF can be drawn from our analysis.
Comparison of reconstructed GMF
The fact that the reconstructed GMF are stable against the choice of the dust density distribution (n d ) model can be observed, for example, in Fig. 8 where we show the obtained best-fit models of the ASS obtained for the three best-fit n d models fitted to the I 353 map. The similarity of the recovered field geometrical structures is striking, especially in the (x, y, z = 0) plane. Equivalent figures are obtained for the other GMF models.
In order to compare quantitatively the GMF geometrical structures that we reconstructed when fitting the polarization maps, we proceed as in PMR18. At each location of the Galactic space we consider two sets of angles that determine the orientation of the GMF lines, first in the cylindrical coordinate system centered on the Galactic center (p and χ) and second in the spherical coordinate system centered on the Sun (α and γ). In the first scheme, p, the pitch angle, is the angle that makes the field line with e φ and χ, the tilt angle, is the angle that makes the field line with planes parallel to the Galactic plane (z constant). χ is the complementary to the angle made with e z and characterizes the out-of-plane GMF component. In the second scheme, α is the inclination angle that makes the GMF line relative to the line of sight and γ the position angle in the plane orthogonal to it.
To quantify the similarities (or differences) among the reconstructed GMF structures, we chose to compute, at each location of the sampled three-dimensional space, the relative angle between the GMF lines of a tested model compared to GMF lines of a reference model. Let ξ 0 be one of the angles described above and measured for the reference GMF model and ξ the same angle but of the GMF that we compare. We compute the relative angle between the two as
This angle takes values between -90 and 90 degree (-90 and 90 corresponding to the same configuration).
As a reference of the three-dimensional structure of the GMF, we take the best-fit that results from the least evolved modeling, i.e. ED + ASS. In Fig. 9 we present the histograms corresponding to the relative angles (∆ 2 ) between the reference GMF and the best-fits obtained for the other GMF models and for each n d model. We show the histograms of the four relative angles discussed above: the pitch angle, the tilt angle, the inclination angle and the position angle that are computed locally at each position of the space that we have used for MC realizations.
In terms of the pitch and tilt angles the inspection of the figure leads to the following main results: (i) the pitch angles of all the best-fit GMF obtained for the ASS, BSS and QSS agree within less than five degrees (with the exception of ARM4φ1ED + BSS which is about nine degrees). (ii) the histogram of the pitch angles of the WMAP model (allowed to vary with Galactic radius) peaks at value near the values of the other GMF models. At the Sun radius, the pitch angle of this model is between six to eight degrees away from our reference model. (iii) the tilt angles of all the models are centered around the same value. The scatter is however larger than for the pitch angle when comparing BSS and QSS to ASS. This is expected due to the modulation of the field amplitude which produces a change of the tilt angle of the GMF lines. (iv) comparison of the best-fits of the same GMF model but for different n d reveals great coherence. We have indeed check that this conclusion holds equally for the other GMF than for the ASS, discussed below.
As an example, the very good agreement observed in the spirals of Fig. 8 for the ASS model is quantified in the middle and right panels of the first row of Fig. 9 by the blue histograms, except that in here we are not limited to (x, y, z = 0) or (x, y = 0, z) planes but account for the whole sampled space. The histograms show that through the whole sampled space the differences of the measured pitch angle are below one degree. The blue histograms in the middle and right panels of the second row quantify the small differences in the out-of-plane components among the ASS best-fits observed in lower panels of Fig. 8 . The measured tilt angle differences (compared to the reference GMF) are less than about two degrees through the whole space.
In terms of the inclination (α) and position (γ) angles, which are the angles directly linked to the observable through line-ofsight integration (Eq. 1), the distributions of the relative angles shown in Fig. 9 (last two rows) also show an overall agreement between the model reconstructions. We see that the offsets (relative to zero) of the maximum of the histograms and the scatters of the histograms corresponding to α and γ angles are generally larger than for the histograms of the p and χ angles.
The non trivial mapping between the two set of angles (p and χ on one side and α and γ on the other side) is well illustrated. It is shown that, despite their similarity, the best-fit GMF models look different for the observer. This also illustrates the degree of uncertainties (or of freedom) on the variation of the inclination and position angle of the GMF lines along the lines of sight. This source of uncertainty arises from the loss of information that is due to the line-of-sight integrated character of the observables.
Finally, let notice that we have not been able to identify particular feature or region in the sky or in the Galaxy from where the difference between models (in terms of the four angles) would have been systematically larger than elsewhere.
Alternative comparison of polarization maps
The degree of linear polarization (p lin = q 2 + u 2 ) and the polarization position angle (ψ = 1/2 arctan2(−u, q)) 7 are commonly used to study and characterize the magnetized interstellar medium (e.g. Planck Collaboration Int. XIX 2015). In Fig. 10 we show the noise de-biased 8 p lin and ψ maps from Planck data at 353 GHz (top row) and those deduced from the polarization maps (q and u) corresponding to our GMF best-fits obtained with the ARM4φ best-fit n d model fitted to I 353 . These maps are alternative ways at looking at the q and u maps presented in Fig. 3 (but for another n d model, which does not change much the maps). The joint consideration of all of the maps (q, u, p lin and ψ) can be of interest, e.g. to diagnose the limitation of our modeling and propose further developments.
Inspection of the left column of Fig. 10 clearly illustrates qualitatively the limitation of the models at reproducing the data. Despite the noise dominated map of the data, it is nevertheless 8 Noise de-biased is performed in the sameway than in Appendix B.2 of Planck Collaboration Int. XIX (2015). interesting to note how the modeling can qualitatively reproduce low p lin values in some region of the Galactic equator where we know the intensity to be high. These low degrees of linear polarization results from line-of-sight depolarization induced by the varying GMF orientation. This can be inferred from the comparison, at low Galactic latitudes, of the BSS and QSS models (two last rows) to the ASS model (second row), for instance. Let us stress that this depolarization is obtained using the regular GMF only, without the need of a turbulent component of the magnetic field.
Furthermore, for lines of sights with p lin 5%, the relatively simple models of the large-scale regular GMF that we consider are able to reproduce qualitatively the low and high values of the degree of linear polarization for low and high values of the intensity as suggested by the data (Planck Collaboration Int. XIX Fig. 10 . Degree of linear polarization (left) and polarization position angle (right). As deduced from the Planck data at 353 GHz (first row) and as deduced from our best-fits of the GMF models while assuming the underlying n d to be the best-fit of the ARM4φ model. Rows two to five correspond to ASS, WMAP, BSS and QSS models, respectively. 2015). However, these models fail at reproducing very high degree of linear polarization (p lin > 5%) where large difference are observed between model maps and data. These difference are well localized in the sky towards regions of nearby known structures (spurs, arms and clouds). We have used the gpempy software to investigate this further and we reached the conclusion that, in general, p lin is not boosted by the simple addition of a clump of dust towards such a maximum to solve the problem. The addition of a clump actually produces the opposite. To reproduce the observed p lin in these objects, it is likely that the effective degree of polarization of the dust population in these structures will have to be enhanced. This can be achieved by having locally either (i) a more efficient alignment of the dust grains along the field line and/or (ii) a higher intrinsic degree of linear polarization of the grain population, and/or (iii) a GMF particularly well aligned and coherent with respect to the line of sight (see Eq. 1).
As opposed to p lin , it is remarkable how the studied GMF models are able to capture qualitatively the broad tendency in the polarization position angle data (the right column of Fig. 10) . Indeed, the agreement between the models and the data is fair in terms of ψ, i.e. in terms of the projected (and weighted) orientation of the GMF lines integrated along the lines of sight. Beside the fair resemblance, the modeled ψ maps show more coherence and smooth spatial variations than observed in the data. Also, inherent to the large-scale regular GMF considered in this study, the modeled maps have a mirror symmetry about the Galactic equator that is augmented by a change of sign. In the data, that symmetry is disturbed on small scale and twisted and skewed on global scale. This is well illustrated in the upper right quadrant of the maps and comparing the 'lines' for which ψ = 0 • = 180 • , respectively. The inclusion of magnetic fields attached to local structures, such as depicted by Alves et al. (2018) in the case of the local bubble, might tackle the latter issue in breaking the North-South symmetry. The modeling of (relatively) small scale perturbations would require the modeling of magnetized structures well localized in the Galaxy and, eventually, of the turbulent component. We postpone any investigation of such possible models and a more quantitative comparison to future work.
Prospects
Improvements in the modelings of the GMF with respect to this paper will require (i) the implementation of the local magnetic field (Alves et al. 2018) (ii) the interconnection of the latter with the large-scale regular GMF and (iii) the generalization of the large-scale regular GMF models. As a straightforward generalized model, we would propose a model that contains both the radial variation of the pitch angle, such as in the WMAP model, and the strength field modulation, such as in the BSS or QSS model. Independently both features appear indeed to be favored by dust data compared to the ASS model. The consideration of the other observables such as synchrotron emission and Faraday data promise to help significantly at constraining and modeling further the large-scale regular GMF and to solve possible ambiguities. In this respect it might be worth adding physical conditions on the description of the GMF such as the requirement of divergence-free field (e.g. Ferrière & Terral 2014) .
A second stage improvement in the GMF modeling will be the implementation of the turbulence in the GMF following the method proposed by Vansyngel et al. (2017) , for example. This step is of prime interest for CMB foreground studies as it will allow for the statistical characterization of the polarized Galactic emission from thermal dust. However, in order to not overestimate the amplitude of the turbulent component compared to the regular one 9 , we would stress the importance to progress as far as possible in the modeling of the regular component of the field without the introduction of turbulent component. The turbulence is for sure present in the Galaxy and recorded in the data, but perhaps, with a lower relative amplitude compared to the regular component than previously reported (e.g., Jansson & Farrar 2012a,b; Planck Collaboration XLII 2016) . The inclusion of a turbulent component in modeling the GMF will scramble the three-dimensional orientation of the regular field lines. On modeled full-sky maps, the scrambling will results in two main effects: (i) an angular spatial de-coherence of the polarization position angles and (ii) an overall lowering of the degree of linear polarization, due to line of sight depolarization. The latter would call for an overall increase of the global amplitude of the modeled polarization maps and therefore would tend to steepen the extreme values on the Q and U maps. Such an increase might help at recovering the missing amplitude of the field strength, that can be visually inferred from comparing the data with the modeled polarization maps (see Fig. 3 or Fig. 10 ). We found that this apparent missing amplitude increase with the resolution (alternatively the N side ) at which the fits are performed. This suggests that the turbulence in the GMF is not dominant for our purpose when considering sufficiently large pixel on the sky. We found that the factor by which we would multiply the q and u maps for a better visual fit is, averaged on the 12 GMF reconstruction, of about 1.08 at N side = 32 and 1.13 at N side = 64.
Notice however that an effective scrambling is not necessarily due to physical turbulence. Perturbations or spatial variations that are not implemented in the regular models and/or that take place at scale smaller than the modeled one can lead to a similar phenomenology and show the same dependence on the resolution described above. In the future, the comparison of high resolution polarization observations and high resolution simulations in dedicated sky windows will help addressing this ambiguity.
Summary and Conclusions
In this paper we have used the Planck intensity and polarization data at 353 GHz to infer the Galactic diffuse thermal dust emission and constrain the geometrical structure of the threedimensional large-scale and regular Galactic Magnetic Field (GMF). Relying on Markov Chain Monte Carlo (MCMC) fitting techniques and using the Planck data at low resolution (N side = 64) we are able to put constraints on the Galactic dust density distribution and of the GMF assuming parametric threedimensional models.
We first used the intensity map to fit three dust density distribution models with increasing complexity (a simple exponential disk, a four spiral arms and a superposition of the two). We then used those best-fit models to constrain heuristic GMF models from fits on the reduced-Stokes polarization maps. We consider four parametric GMF models with different degree of complexity (the axi-symmetric, the bi-symmetric, the quadri-symmetric and the model proposed by Page et al. (2007) ). These GMF models implement field lines with spiral pattern in plane parallel to the Galactic plane and an out-of-plane component. One of the model allows for change in the opening angle of the spirals and two have field reversals allowing for efficient line-of-sight depolarization. We studied the robustness and the stability of our GMF reconstructions regarding possible systematic and with respect to the choice of the dust density distribution model. The overall conclusion from this study is that, from different parametric models, we obtained coherent reconstructions of the three dimensional GMF. According to our 12 reconstructions, we find that the spiral pattern of the GMF has a mean pitch angle (at the Sun radius for the WMAP model) of about 27 degrees, with a 14 per cent scatter, and takes 17.5 and 35.4 degree as the two extreme values. Our pitch angle values are rather large but are still compatible with what can be expected from dynamo theory (e.g., Chamandy et al. 2016) . We also find that, when allowed, the pitch angle vary dramatically from the inner part of the Galaxy to the outside region. The out-of-plane pattern of the GMF is poorly constrained in our analysis. This is likely because it depends more strongly on the particular GMF model under study and, at the same time, because its influence on maps is more noticeable at low and intermediate Galactic latitudes where our fits are not satisfying. Nevertheless, none of our best-fits exhibits the expected X-shape of the GMF lines that has been found in radio observations of external galaxies (see e.g. Jansson & Farrar 2012a, for a discussion). Let us emphasize, though, that the parametric GMF models that we fit in this paper are toy models and might not be physically motivated.
Despite some caveats, our analysis demonstrates that the Galactic thermal dust polarized emission can be used to constrain the large-scale regular GMF. We argue that such a data set can provide competitive constraints on the magnetized Galaxy with respect to the more conventional ones such as Galactic synchrotron data, Faraday rotation measurements, and Faraday dispersion measures. However, the inspection of the polarized map residuals indicates that further improvements in the modeling of both the Galactic dust density distribution and the large-scale regular GMF are needed. Finally, the addition of the less understood and less traceable turbulent component, will also required the use of the full data set currently available, in order to obtain realiable constraints. 
